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Abstract-An extension of the hybrid stress finite element model, originally suggested for linear small displace­
ment problems by Pian, to the large deflection problem is presented. An incremental approach and the con­
cepts of initial stress are employed. A procedure to check the equilibrium in the reference state, prior to the
addition of a further load increment, is included. An example and a discussion of the results are presented.

INTRODUCTION

THE FORMULATION of the finite element methods as being based on rigorous variational
principles in solid mechanics and their modifications is comparatively of recent origin,
see for example Pian and Tong [1], Atluri and Pian [2] and Oden [3] for a more com­
prehensive bibliography. In the commonly used displacement models, it is widely recog­
nized that for monotonic convergence of the finite element solution, the assumed element
displacement functions should satisfy the interelement boundary displacement com­
patibility, which is by no means a simple task in several problems of practical interest
such as plates and general shells. In 1964, Pian [4] suggested a method, which was later
discussed more rigorously by Pian and Tong [5], in which the interelement boundary
displacement compatibility can be satisfied rather easily. In this approach, one assumes
an equilibrium stress field in the interior of the element, and a displacement field at the
boundary of the element, which inherently satisfies the interelement compatibility con­
dition. Pian's approach has since been employed in plate bending problems [6-8J, S1.
Venant torsion problems [9], shell problems [10], analysis of multi-layered plates and
shells [11] where transverse shear effect is important, and in the analysis of stress states
around cracks [12J, all of which clearly demonstrated the versatility of the hybrid stress
model for deriving stiffness matrices of elements of arbitrary geometry. All the above
mentioned solutions were limited to small-deflection linear elastic problems.

Using the above approach, some satisfactory results were obtained for buckling
problems by Lundgren [13J and for incremental analysis of large deflection problems by
Pirotin [14]. As discussed by Pian [15], these methods cannot be considered as being based
on the modified complementary energy principle which is the basis of the hybrid stress
model, and hence cannot be considered as consistent hybrid stress finite element methods.t

t In a recent paper, Pian [16], however, has shown that the above methods can be justified.as being based on
the modified Reissner-Hellinger variational principle, even though they are not the hybrid stress models as
meant here.
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Incremental formulations of finite displacement large-strain problems, using a com­
patible displacement finite element model, have also been presented by Hofmeister et al.
[17], Pian and Tong [18], Stricklin et al. [19J and Washizu [20]. A significant conclusion
in Refs. [17, 19] was that a "check" on the equilibrium in the current reference state prior
to the addition of a further load increment was indispensible for obtaining meaningful
computational results in an incremental formulation of large strain, nonlinear problems.

Since, as discussed by Pian [15J, the hybrid assumed stress finite element model has
proved to be a more versatile structural tool, it is the purpose of the present note to present
a consistent variational formulation of the hybrid stress model for the incremental analysis
of large deflection problems. The concept of initial stress is employed, wherein, during
any given step in which the displacements, stresses and external loads undergo increments,
the state at the beginning of the step is considered as one of initial stress. A "check" on the
equilibrium in the state prior to the addition of further load increment, analogous to the
one suggested by Hofmeister et ai. [17J, is included.

BASIC FORMULATION

For clarity in presentation, the ideas will be developed within the framework -of three­
dimensional elasticity theory. Some of the initial development of the theory follows closely
that of Washizu [21J, and Truesdell and Toupin (22J and is repeated here for the sake of
completeness.

Each material particle in the three-dimensional continuum in the original reference
configuration C1 is identified, in general, by three curvilinear coordinates ~<I (IX :=: 1,2, 3).
The numerical values of ~<I which define a particle in C 1 define the same particle in every
subsequent configuration (also referred to as convected coordinates). To describe the
.motion of the body relative to Cl' a fixed rectangular cartesian coordinate system x"
(IX = 1,2, 3) in three-dimensional space is also established. Thus, a continuous one-to­
one motion of the particle, as the continuum deforms, is defined by relations,

such that

d I
'OXa;j

et o~fJ > O.

(1)

(la)

In general, we define CN to be the configuration of the body before the addition of the
nth increment of load; whereas, CN + 1 is the configuration of the body after the addition
of the nth load-increment. In configuration CN , the states of stress, strain and deformation
are presumed to be known. During the process of the nth load-increment, the configuration
CN is treated to be in a state of "initial stress". Incremental displacements due to the
addition of the nth load-increment are measured from CN • In the following we treat, as a
generic case, the movement of the continuum from the reference state CN to further de­
formed state CN + 1 through small but finite increments in stresses, displacements and
external loads.

The position vector of a particle in CN is denoted by r and that of the same particle in
C.'H 1 is denoted by R. If Xi are the cartesian coordinates of the point in CN and e j are
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r = xjej
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(2)

(3)

The covariant base vectors tangent to ~i lines in configuration CN are then given by,

ar oXj

gIl = aea = ae,.ei

the covariant and contravariant metric tensors, and contravariant base vectors in CN are
given by,

g,.p = gIl . gp ; [g"P] = [g,.p] - 1 ; gIl = g«lIgp (4)

The vector field of incremental displacement from CN to CN + l' is measured in the basis
system of CN as

!i. u = !i.u,g" = !i.u'"&.. (5)

(7)

which gives the usual representation of Green's strain tensor, in CN as

!i.e"" = ![!i.u"." +!i.u"." + li.u~).!i.uv.,.J (6)

where a comma denotes a covariant differentiation with respect to coordinates ei in CN,

using the metric tensors gij' gij of CN' For later use we note that the geometry of CN + 1 is
characterized by the basis vectors and metric tensors,

_ oR _ a(r+ u) _ II P •
G,. - aea - a~" - (<5,. +ua)gp,

In the reference state CN , which is presumed to be known, let the initial Piola-Kirchoff
stresses be represented by the symmetric tensor (10"", measured per unit area in CN' Let.
the initial body forces and surface tractions measured per unit volume and unit area
respectively, in the current reference state, be given, respectively, by

po = PO"g,,; T° = T""g). (8)

where a bar (-) denotes a prescribed quantity. One can then prescribe additional body
forces !i.P, additional surface tractions AT). on a portion 51 of the surface of the body,
and additional displacements AU). on a portion 52 of the surface of the body; where the
displacements !i.u;· are measured from CN' in the basis vector system g" of CN' Let the
corresponding increment in the Piola-Kirchoff stresses measured per unit area in CN be
represented by the symmetric tensor !i.qA". The principle of virtual work then states,

f [«(lo).Il+!i.(I"")<5AeAIl -(P"+M")<5AU,,)dV-i (ToA+!i.T).)<5li.u).d5 = 0 (9)
Jv 51

where !i.e"" is given by equation (6). In equation (9) the volume V, and the surfaces 51 and
52 refer to the known current reference state CN' and a "<5" denotes variations. We note
that <5!i.u). vanishes on 52' Equation (9) can be written as,

1[li.qA"<5!i.e)'ll+ (I;)." <5(!i.tiv."li.u~Il)-li.F).<5!i.u).] dv-11 !i.T).<5li.u). d5

=Iv [- ~)." (<5li.u).." + <5li.u/l.).) + FO).<5li.u,,] dV+ 11 T").<5!i.u). d5. (10)
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If it is now assumed that the known initial stress state (ao;.I<; FOA; fOAl in CN is in equi­
librium prior to the addition of the incremental loads for step N, then the right hand side
of equation (10) can be shown to be identically equal to zero. However, as pointed out by
Hofmeister et al. [17J, due to the numerical incremental solution technique for solving a
large strain problem, the initial stress state in CN may not be in equilibrium. Following
Hofmeister et al. [17J, it is shown later that it is possible to derive an equilibrium error
check if the right hand side terms in equation (10) are retained.

Assuming that the elastic stress-strain relations are of the type

(11 )

or

(Ha)

one can define an elastic strain energy function

dA = AO""It dAe,,1l' (12)

Using equation (12) equation (10) may be written as,

b{{ [A(aOIX/l, AUIX)+taO"ltAuv,ltAU~Il-APAUAJ dV-I, Af"AU" dS}

= r (-aOAltbAU",I<+PAbAU,,)dV+f. fO"bAUAdS. (13)
Jv Sl

It must be stressed again that the right hand side in equation (13) is a correction term to
"check" that the initial stresses in CN satisfy the equilibrium equations and boundary
conditions. Thus, theoretically, if the reference state CN is one of equilibrium, in which
case the right hand side of equation (13) vanishes, the equation (13) can be shown to yield
the equilibrium equations, for the Piola-Kirchoff incremental stresses (due to nth loading
increment) referred to the current known reference state CN , as follows:

(14)

and

(15)

The principle of virtual work as given by equation (13) can now be generalized through
the usual methods, into a counterpart of Hu-Washizu variational principle in linear
elasticity [21]. That is, we add to the functional in equation (13) the constraint conditions

(16)

and

Then considering the Lagrangian multipliers corresponding to constraint conditions (16
and 16a) as Aa"ll and AT", respectively, we can formulate the generalized functional,

(17)
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_r {A(A 0.l.1J.)+1. O.l.PA v A _ AF-,tA
1tg - J

v
Ue.l.p, q 2 q uU,,tUUV,1J. u uUi.

- liqi.,u[lie},p-!(liui.'/l + liup,i. + liu:~liuv,).»} dV

-f liT.l.liu). dS- r liT},(liu;.-liuJdS-e*
s, J~
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(18)

z* = r (- q0.l.,uliu ).,p +poi.liu},) dV+ r T°). liu;. <is (19)
Jv JSI

e* is the correction term to "check" the equilibrium of initial stress state in the reference
state eN' Noting that the variation of z* with respect to liu}, is zero if the reference state
equilibrium is theoretically satisfied, one can show that the Euler equations corresponding
to b1tg = 0 are, (a) the equilibrium equations, equation (14); (b) the strain-displacement
relations, equation (6); ·(c) the stress-strain relations, equation (12); (d) the displacement
boundary conditions liu A = liu i. on S2 ; and (e) the stress boundary conditions, equation (15).

Suppose now that in equation (18) one assumes that the incremental equilibrium
equations, equation (14), the traction conditions, equation (15), and the stress-strain
relations (12) are satisfied a priori. Noting that assuming equation (12) a priori is equivalent
to assuming the existence of a potential B such that

B = liq.l./l lie.l.p - A (20)

and using equations (14, 15 and 20), one can reduce 1tg to 1tc , where

1tc = - f B(lia",u; qOA,u) dV+ f liT).liu). dS-z* (21)
Jv JSI

obviously, when 1tc is varied with respect to liq).P only and noting that the variations
8liq.l.P satisfy the a priori conditions

bli~:+8[(qOv,u+liqVP)liu~pL= 0 (22)

and

(23)

it can be shown that the Euler equations corresponding to the variation of 1t< with respect
to liq.l./l, are

(24)

and

(25)

Even though the functional e* in equation (21) is a constant with respect to variations in
liq.l./l and hence doesn't contribute any terms in the variational equation b1t< = 0 when
the variations are with respect to lia"lJ., it is shown later that within the framework of the
hybrid stress finite element model, an equilibrium check on the initial stresses can be
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performed by retaining e* in equation (21). If the condition tiT~ = tiT~ on Sl' is not
satisfied a priori, then we can introduce it as a subsidiary condition and consider

rr: = - { B(tiq.A/l;qo~/l)dV+f tiT"'tiu... dS+ r (tiT~-tiT~)tiu~dS-e*. (26)
Jv 5, J51

Next, certain simplifications can be made, in order to facilitate the above developments
for numerical calculations. One can assume that each increment is such that the incre­
mental displacements tiu~ are of order O(e); whereas the initial stresses are of order 0(1).
Thus,

tiu ... '" O(e) (27)

qO"'/l '" 0(1). (28)

Then, the incremental strain-displacement relations are

tie"'/l = t(tiu.... /l + tiu/l.J +O(e 2
). (29)

Likewise, for elastic materials

tiqA./l '" O(e). (30)

Using equations (27 and 30), the equilibrium equation (14) can be simplified as,

tiq~: + [qOV/ltiu~/lL + tiEA. = 0 (31)

and the traction vector tiT~ can be simplified as,

tiT~ = tiq.A/lnl'+qOVl'tiu~/lnv. (32)

From equations (29, 31 and 32), it is clear that if in the functional

rr: = - { B(tiqA./l,qOA./l)dV+f tiTA./iUAdS+f (tiTA-tiTA.)tiuAdS-e* (33)
Jv 52 51

we assume a priori, the linearized equilibrium equation in terms of incremental and initial
Piola-Kirchoff stresses, taken per unit area in CN, as

(34)

where a comma in equation (34) refers to covariant differentiation with respect to ~i lines
in CN (using metric tensors gaP and gaP in CN ), then the variational equation

(35)

leads to the Euler equations

(36)

and

(37)

Thus, any incremental stress field that satisfies the incremental equilibrium equation (34)
exactly also leads to compatible displacement fields if the variational equation (35) is
satisfied. Thus the above variational principle is consistent in contrast to that by Pirotin
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[13], in whose formulation the Hellinger-Reissner's principle is used and the incremental
stresses are made to satisfy only the equation ~o:;/l+ ~Fi.. = 0, instead of equation (34).

Following Pian and Tong [1], one can modify the functional in equation (33) for the
hybrid stress formulation o( the finite element model as

ni = f {- f B(~C1i../l, u"i../l) d V +i ~Ti.. ~u i..L dS - e"'} (38)
n= 1 v. ov.

where M is the number of elements, Vn the volume of the nth element, BVn the interelement
boundary of the nth element. In the above, ~Ui..L' which are physically the interelement
boundary displacements, take on the meaning of Lagrangian multipliers that can be used
to satisfy the interelement traction continuity requirement on the average. These inter­
element boundary displacements Ui..L are prescribed such that they inherently satisfy the
interelement displacement compatibility condition.

Thus, in the construction of the finite element model, one assumes, (a) an equilibrating
stress field within each element, and (b) a set of element boundary displacements in terms
of a finite number of nodal values such that interelement displacement compatibility is
inherently satisfied. The incremental stress field within each element satisfies the equation

(39)

or

Thus, we can assume, in each element

{~C1} = [H]{B}+{~C1p}+[A]{~q}

(40)

(41)

where [H] is the matrix of homogeneous solution, and ~C1p is any particular solution
corresponding to an increment in external loads. The meaning of the last term is explained
below.

The coefficient matrix A results from the last forcing term in equation (40), where the
initial stress u"i../l is known. Also, in the hybrid stress method we assume compatible inter­
element boundary displacements as

(42)

where ~q is the vector of generalized nodal displacements, and L B is a matrix of inter­
polation polynomials in terms of the boundary coordinates. From these boundary data
one can interpolate for the interior displacementst as

{~U} = [L] {~q}. (43)

Using equation (43) the necessary interior displaceme,nt gradients may easily be obtained.
From these one can construct the matrix A such that,

[A] {~q} == [(u"Y/l ~u~/l).y].

Similarly, from (32) one obtains for the element boundary tractions

{~T} = [R] [p] + [~Tp] +[M] [~q]

(44)

(45)

t As discussed by Pian [16), the interpolation functions in L need not satisfy the interelement boundary com­
patibility, i.e. in principle and [L) and [L,J can be independent.
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Finally, from a stress-strain law of the type shown by equation (I1a) one may con­
struct the following strain-stress relationt

or

A E (OVIJ) A yoLJ.e"p = "pyo (j . LJ.(j .

(46)

(47)

(50)

(52)

We note that the compliance depends on the initial stress state when material non­
linearities are included.

Now one is in the position to facilitate equation (38) for numerical computation.
Using equation (47), (here onwards, the distinction between square or row, or column
matrices is omitted, but implied), one obtains,

f B(~(j).IJ, (j0).IJ) d V = ~ f. ~(jTE ~(j d V = ~ f {PT(HTEH)P+&/T(ATEA) &/
v" 2 v" 2 v

+2pT(H TEA) ~q+2pT(HTE) ~(jp+2~qT(ATE) ~(jp+constant} dV (48)

where

p = unknown stress coefficients

~q = unknown generalized displacement increments

AT = transpose of A, etc.

Carrying out the integration in (48) one obtains

f. B(~(j).IJ, (j0).IJ) d V == tpTBp +t ~qTC ~q+ pTD &/+ pT ~Ql + ~qT ~Q2 (49)

v"

with obvious definitions for the matrices B, C, D, ~Q and ~Q2'

Likewise,

f ~TA ~UAL dS = f ~TT ~UL dS = f [PT(RTLB) &/
DVn DVn OV"

+(~T~LB) &/+&/TMTLB ~q) dS

where L B is the matrix for the boundary displacements given in equation (42).
Carrying out the integration in (50) one obtains

f ~TA~u).dS=pTS~q+TT~q+~qTp&/ (51)
DVn

with obvious definition for the matrices S, T and P. Likewise, in the integral

e* = f (- (j0AIJ ~U + F°). ~ ) dV+f To). ~U dSA.IJ). A •
V 5,

Since (j0A.IJ, Po A. , TOA are known, the integral in equation (52), can in general be written

e* = [QcJ {~q}.

t Note the incremental form of the nonlinear constitutive law.

(53)
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Thus, substituting equations (49, 51 and 53) into (38),

N

1ti = L {-tpTBp+pT(S_D)6.q_pT 6.Q1-i 6.qT(C-2P) 6.q
n= 1

1185

(54)

We note that in equation (52) only the unknown stress coefficients P's are independent
for each finite element. Thus, taking the variation with respect to p in each element, one
obtains

(55)

from which

(56)

The substitution of equation (56) into equation (54) yields

N

1ti = L {t6.qT[(S-D)TB- 1(S-D)-C+2PJ 6.q-26.qT(S-DfB- 1 6.Q1
n=1 .
- 6.qT(6.Q2 - T) - [QcJ {6.q}}n'

Taking the variation with respect to 6.q,

N

L {k 6.q-Q}n = 0
n= 1

with

k = (S-DfB- 1(S-D)-C+(P+pT)

6.Q = 2(S-DfB- 1 6.Q1-6.Q2+T-Qc

(57)

(58)

(59)

(60)

where k is the element stiffness matrix and 6.Q is the load matrix. We note that the vector
Qr of element generalized nodal forces (the last term on the right hand side of equation
(60) which results from e* in equation (53) can be referred to as "residuals", since that
they can be used to measure the residual error in nodal point equilibrium at the beginning
of any load step.

If in equation (60), we set C = 0; D = 0; 6.Q2 = 0 and P = 0, then we recover the
usual linear theory, Accordingly, we may rewrite equation (60) as

k = k 1 +k2

k 1 =STB- 1.S

k2 = DTB- 1D-(DTB- 1S +STB- 1D)- C+p+pT

6.Q! = 2STB-16.Q1+T

6.Q~ = - 2DTB- 16.Q 1- 6.Q2

(62)
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k1 = conventional linear hybrid stiffness matrix

k2 = incremental stiffness matrix

~Q 1 = conventional load matrix

~Q2 = incremental load matrix

Qe = residuals to check equilibrium in reference state.

It can be easily verified that the incremental stiffness matrix is symmetric and positive
semi-definite just as the conventional linear hybrid stress stiffness matrix (Pian and Tong
[11]). Also, for reasons already discussed in Ref. [11], in general, the sum of the number
of {J's (stress coefficients) for each element and the number of rigid body degrees of freedom
for each element should be in excess of the number of q's (generalized nodal displace­
ments) of the same element.

Once an element shape is selected and appropriate choices for the field variables in
each element as outlined earlier are made, the integrals in equation (62) can be evaluated
numerically to find the element stiffness matrix and nodal load matrix. Employing the
usual techniques of finite element assemblage, one can now derive a system of linear
incremental equations, governing the behavior during the nth load step, for the entire
structure,

([K 1] + [K2])N{~R}N = {~FdN+ {~F2h+ {Fe}" (63)

where matrices [K 1], [K 2], {~R}, {Md, {~F2} and {Fe} are obtained by assembling the
respective individual element matrices k1 , k 2 , ~q, ~Qj, QM and QC'

The procedure for the solution of equation (63), with the equilibrium check and cor­
rective cycling procedure, has already been discussed in detail by Hofmeister, Greenbaum
and Evensen [16], and is not repeated here. It should also be pointed out that at some
stage in the process of incrementation, for example in state CM' the matrix [K 1 +K 2]M

might become singular and {fiR} M can no longer be unique. This, in structural stability
problems, the values of F~ and T~ corresponding to the case when [K 1 +K 2]M is singular,
are the critical loads. Pian and Tong [18], who use an incremental formulation and a com­
patible displacement model, suggest a procedure for solving equations of type (63) beyond
these critical loads. However, for the hybrid stress model discussed here, such a pro­
cedure, in general, is more involved, and a diaeussion of the same is not presented here.

At this point it is worth noting that the total stresses aO~/l + ~a"/l from load step N
become initial stresses for step N + 1. For step N, the stresses aO~/l + ~a~/l where treated
as the Piola-Kirchoff stresses referred to the state CN before the addition of the nth load
step. Thus, for treating the incremental problem corresponding to the (N + 1) the load
increment, these total stresses (aO~/l + .1.a)./l) at the end of step N must be converted to
Piola-Kirchoff stresses S°)./l referred to the state CN+ 1 before the addition of the (N + l)th
load increment (or equivalently the state at the end of nth step). Thus, following Green
and Adkins [22],

(64)

where

(65)
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In equations (65) /)"e"v is the incremental Green's strain tensor in the nth load step as
defined in equation (6).

Also, it is worth noting that when the volume and surface integrals for each discrete
element considered in equations (49, 51 and 52) are evaluated for the element in the con­
figuration CN' the infinitesimal volume in state CN is given by

(66)

where g = detlg",pl and g",P is the metric in CN • Due to incremental deformation in the
nth load step, the discrete element shape and volume in CN + 1 would be different from
those in CN' In CNT l' the infinitesimal volume is given by

d VI = J(G) d~l d~2 d~3 in CN + 1 (67)

where

(68)

(69)

where G",p is the metric in CN + 1 and lie/l v is given by equation (6). Thus, in evaluating the
volume integrals for the deformed element in CN + 1 , equation (67) is used for infinitesimal
volume instead of (66), and the limits of integration on ~i are the same as those in CN .

Similar results can be derived for surface integrals.

AN EXAMPLE AND DISCUSSION

We consider, as an example, the large deflection of a shallow curved beam of uniform
cross section with hinged but fixed ends subjected to laterally distributed load p(x) = Pof(x)
as shown in Fig. 1. It is assumed that the strains remain small and the stress-strain relations
are linear. This problem has been solved analytically by Fung and Kaplan [24]. In the
problem under consideration, the shallow beam has an initial shape (in the stress-free
state)

C
. 1tX C . 21tx

Y: I SlDT+ 2 sm-
l
-

and is subjected to a half-sine shaped load distribution. If A is the area of cross-section
and I the cross-section moment of inertia, the analytical solution [Ref. 24J has shown
that for C 1/2J(A/I) < J(S·5) and C2 = 0 the buckling of the curved beam will be of a

t=_x_ --.J
FIG. I.
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(70)

(71)

(72)

(73)

limit-load type and the deflection mode always follows the half-sine wave type. For
C 1/2J(AII) > J(5·5) and C2 = 0 there exists, at sufficiently high loading, two branches in
the exact solution, one symmetric and the other asymmetric. The latter corresponds to a
bifurcation buckling mode. When the initial shape of beam is such that C2 #- O. the pre­
buckling deformation contains both symmetric and asymmetric components and the
buckling phenomena is a limit load type.

In the example problem, using the analysis presented earlier. the length s along the
beam in configuration C I (before the addition of first load-increment) is taken as the
convected curvilinear coordinate. Considering configuration CN , if 4> is the angle between
the base vector g and x-axis, it can be shown that the equilibrium equations for incre­
mental Piola-Kirchoff stresses (per unit area in CN)' analogous to equation (39), become

d6.N d4> dM
~+ ds ~ = -6.Ps

and

d
2
6.M + d4> 6.N = _ 6.P +~[No(d6.W)J

ds 2 ds n ds ds

where No is the initial longitudinal stress resultant in CN , Ps and Pn are the nth tangential
and normal (to beam) load increments, and 6.N and 6.M are the incremental stress resultant
and stress couple respectively in the nth stop. The functional 11:.: analogous to equation (38)
then becom~s,

11:.* = L {-f. (6.M)2 +(6.N)2 ds+ [6.N 6.u+6.V 6.W+6.M(d6.W - 6.u)J
C n I. 2EI 2EA ds R b.

_r N (d6.U _ 6.w) +Mvto~(d6.W _ 6.u) dS}
JI• 0 ds R ds ds R

where n is the number of elements, Ie the length of the element, and be refers to the two
ends of the beam, and 6. V is the incremental transverse shear resultant at the ends of the
element. In the numerical solution, three generalized displacements, 6.u, 6.w and d6.w/ds
are used at each node. The homogeneous solution (denoted by subscript H) corresponding
to equations (70, 71) can be seen to be,

6.NH = fJ I cos ¢ + fJ2 sin ¢

6.MH = fJ3 + fa (fJl sin....:. fJ2 cos 4» ds.

It is observed that in more complicated problems such as plates and shells, recourse can
be made to the so-called "static-geometric analogy" to find stress functions that identically
satisfy the linear incremental homogeneous equations such as in equation (39). In order
to obtain the particular solution, the given loads 6.Ps and 6.pn are interpolated trigono­
metrically from their respective values at element nodes; and 6.w in the element is inter­
polated by a four-parameter trigonometric function using the values 6.w and d6.w/ds at
each node of the element. The trigonometric form of the particular solution, though
cumbersome in form, can be obtained easily, in the form of equation (41), and is not
recorded here.



On the hybrid stress finite element model 1189

The generation of the various metrics in equation (62) has been carried out numerically.
In the example cases, discussed below, the incremental solution procedure used was the
same as that discussed by Hofmeister et al. [16J: however, no correctiv~ iterations were
employed with the residual force vector FeN (see equation 63), since the problem is essen­
tially of small-strain. The incremental procedure is carried to that point in loading when
the determinant of the total stiffness matrix at the current step has a different sign from
that of the previous step.

Figure 2 shows plots of the load magnitude vs. the center deflection for the case
C d2.)(A/I) = 1·5 and C2 = 0 obtained the above method. For this solution, six elements

Exact solution

A Ref 18, !:J.p·30. predictor­
corrector method

o Present solution, !:J.p·30

x Ref 14. (Modified Hellinger­
Reissner principle l, !:J.p·15

12100·804 0·6

(W~O)4)
FIG. 2.

200

160

120

~.. 80

':..11<;Cl.",

"'Cl.

were used over the length of the beam. Also shown on the same figure are the results ob­
tained by Pian and Tong [18J who use an incremental approach and the potential energy
principle, and those by Pirotin [14J who uses a modified Hellinger-Reissner principle, as
well as the analytical solution of Fung and Kaplan [24]. Both Refs. [18 and 14J are six
elements over the length of the beam. Also, it should be pointed out that Pian and Tong
[18J. for the present problem with proportional loading characterized by the load param­
eter PI' treat the incremental equations obtained by the potential energy principle as
ordinary differential equations with the load parameter Po as the independent variable;
and use a predictor-corrector method for their solution. It is found that the results ob­
tained from the present method are comparable to these in [18] as to their accuracy.
Figure 3 shows the variation of-the center deflection with respect to load magnitude for
the case Cll v"(A/I) = 3 and C2/2.jlA/I) = 0·01, using ten elements over the length of the
beam. Again, the present results were found to be comparable to those in Ref. [17]. Further
results from the application of the present method to the large-displacement analysis of
an inflated toroidal shell will be presented later [25].
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CONCLUSIONS
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A consistent variational formulation of the hybrid stress finite element model for
analysis of large deflection problems, in conjunction with an incremental approach, is
presented. The concept of initial stresses is imployed. In each incremental step, the assumed
incremental Piola-Kirchoff stresses satisfy the linearized incremental equilibrium equa­
tions in the interior of each finite element; whereas, a compatible incremental displace­
ment field is assumed at the boundary of each element. A check on the equilibrium of
initial stresses in the current reference geometry, before the addition of a further load­
increment, is included to improve the numerical accuracy. The method leads to an incre­
mental stiffness matrix and is easily adaptable to existing computer programs. using the
stiffness approach.

Since the hybrid stress model has proven to be a valuable tool in the linear analysis
of complex problems such as sandwich plates and shells, and problems with singularities
[Refs. 14 and 11], it can be expected to be of equal value in large deflection problems.
Present results for the large deflections of a shallow beam show good agreement with
existing results using displacement models. Further results on the application of the
present method to the analysis of a toroidal shell will be presented later.
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AOCTpaKT-LlaeTClI o606weHHe Mo.aeJlH KOHe'tHoro JJleMeHTa co CMewaHHblMH Hanp")l(eHH"MH .IIJlll :la.aa'tH
C 60JlbWHMH nporH6aMH. 3Ta MOJleJlb nepBOHa'taJlbHO npe.llJlO)l(eHa nHaHoM .IIJlll nHHeliHblX :lalla't, B
paMKax MaJlblX nepeMeweHHII. I1cnOJlblYIOTClI palHocTHblli nOllXO.ll H nOHIlTHli Ha'laJJbHblX Hanpll)l(eHHIl.
npHBO.aHTClI npouecc npoaepKH paBHOBeCHlI .anll HCXOllHoro COCTOllHHIl, paHbwe .ao6aBJleHHlIllo6aBO'tHoro
nrWfpaweHHlI HarpylKH. LlalOTclI npHMep H o6cy)l(.aeHHe pelYJlbTaTOB.


